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Abstract

The spatial axisymmetric problem of an isotropic\ elastic\ homogeneous body containing an inclusion of
a di}erent material with an interface corner point "along a circular contour# and arbitrary joining angles is
considered in this paper[ It is found that the order of the stress singularity at the interface corner coincides
with that of the corresponding plane strain problem\ but the dependence of the singular stress _eld on the
material properties depends on both the Poisson ratios "of the two isotropic materials# as well as on the
ratio of their shear moduli[ The theoretical results have been con_rmed by numerical\ _nite!element!based
results in a special bimaterial case[ Þ 0888 Elsevier Science Ltd[ All rights reserved[
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0[ Introduction

The order of the stress singularity at an interface corner of bonded dissimilar materials in plane
elasticity problems was _rst studied by Bogy and Wang "0860#[ More recently\ Chen and Nisitani
"0882# studied the same problem again and they derived both the eigenequations for the orders of
the stress singularity as well as the singular stress _eld near the interface corner by separating the
whole problem into the symmetric and the skew!symmetric cases[ On the other hand\ for three!
dimensional axisymmetric interface corner problems\ only some special cases have been studied so
far[ Baz³ant and Keer "0863# examined the axisymmetric vertex of conical notches and rigid
inclusions[ Keer and Parihar "0867# studied the axisymmetric vertex of a conical inclusion bonded
to a conical notch[ Atkinson et al[ "0871# investigated a rod pull out problem\ whereas Muki and
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Sternberg "0869# and Pak and Gobert "0882# studied the problem of a partially embedded rod[
Kohno and Ishikawa "0880# and Chen and Nisitani "0881a\ b# dealt with the _ber!end problem in
short _ber!reinforced composites by using an approximation referring to the plane problem[
Furthermore\ Picu "0885# analyzed the stress singularity at a vertex of a conical inclusion with a
freely sliding interface[ Somaratna and Ting "0875a\ b# examined the stress singularity at the apex
of a conical notch and of a conical rigid inclusion in transversely isotropic materials[ Fleck and
Durban "0878# gave the asymptotic _eld at the tip of a conical notch and of a rigid cone in an
incompressible power law hardening solid[ Some additional related investigations are also available
in the literature[

There are several applicable approaches for the singularity problems in the axisymmetric elas!
ticity so far[ They may fall into the following category]

"0# Series expansion techniques\ including] "a# series expansions of separation of the variables in
terms of power series "Zak\ 0861^ Naolake and Tomoaki\ 0881#^ "b# the eigenfunction expan!
sions by using biorthogonality or optimal weighting functions "Robert and Keer\ 0876#^ "c#
the series expansion in terms of Dini series "Kim and Steele\ 0881#\ a method extended from
the singularity problems in the plane elasticity recently "Kim and Steele\ 0889#[

"1# Reduction to singular integral equations in terms of integral transform techniques "Muki and
Sternberg\ 0869^ Gupta\ 0863^ Atkinson et al[\ 0871^ Gecit\ 0875^ Pak and Gobert\ 0882#[

"2# Separation of variables in terms of the Legendre functions for the conical notch and inclusion
problems "Baz³ant and Keer\ 0863^ Keer and Parihar\ 0867^ Somaratna and Ting\ 0875a#[

"3# Finite element methods "Somaratna and Ting\ 0875b#[

Because many additional axisymmetric interface corner problems are also of interest in applied
mechanics and engineering\ this paper investigates the general problem of the spatial axisymmetric
interface corner with arbitrary joining angles\ as shown in Fig[ 0\ by using the series expansion
technique of separation of the variables in terms of power series in order to obtain not only the
order of the stress singularity but also the displacement and singular stress _elds[ Here u0¦u1 � 1p\
z is the axisymmetric axis\ r is the radial direction and a "a � 9# is the distance between the corner
O? and the axisymmetric axis z[ This problem may have a wide applicability in engineering practice

Fig[ 0[ General model of the axisymmetric interface corner[
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Fig[ 1[ Some important geometrical shapes[

if the angles u9 and u0 "Fig[ 0# as well as the distance a are selected appropriately\ e[g[ as is shown
in the special cases of Fig[ 1[ It will be found that the order of the stress singularity in this
problem coincides with the result of the corresponding plane strain problem\ which "as was already
mentioned# was obtained by Bogy and Wang "0860# as well as by Chen and Nisitani "0882#[
However\ the dependence of the singular stress distribution on the material properties is described
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by the two Poisson ratios "of the two isotropic materials# and the ratio of their shear moduli "i[e[
three parameters are needed#[ Few numerical results "obtained by the _nite element method\
concerning the axisymmetric three!dimensional elasticity\ for a special material combination and
in a particular geometry and loading# are also presented and they are compared with the theoretical
results obtained in this paper[ The theoretical results are also checked by the equilibrium partial
di}erential equations and the boundary conditions on the interfaces[ These con_rm that the
complicated mathematical analysis in this paper is carried out correctly[

1[ Basic equations of the axisymmetric elasticity problem

On the basis of the fundamental equations of the axisymmetric three!dimensional isotropic
elasticity ðin cylindrical coordinates "r\ c\ z#Ł\ the displacement and stress components can be
expressed in terms of two harmonic functions fj"r\ z# " j � 0\ 1#\ which\ evidently\ should satisfy
the related harmonic partial di}erential equation "Boussinesq\ 0774^ Wang\ 0877# i[e[
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Next\ the displacement and stress _elds can be represented as
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where m is the shear modulus and n is the Poisson ratio[
In order to examine the displacement and singular stress _elds near interface corner O? "Fig[ 0#\

we can use the following coordinate transformation

r � a¦r sin u\ c � c\ z � r cos u[ "3#

Therefore\ the harmonic partial di}erential eqn "0# can be transformed into
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Furthermore\ eqns "1# and "2# can be written as
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It can be observed that the harmonic partial di}erential eqn "4# contains a term with the factor
a¦r sin u in the denominator[ Near the interface corner\ it holds true that r ³ a so that this term
can be replaced by a binomial expansion i[e[
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The substituting of eqn "7# into eqn "4# yields
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Now let us assume that the harmonic functions fj"r\ u# can be written in the following series
form by the method of separation of variables\ r and u\ in each term of the series

f j"r\ u# � s
�

k�9 0
r
a1

l¦1−j¦k

`jk"u# " j � 0\ 1# "09#

where l"9 ³ l ³ 0# is an eigenvalue to be determined\ which can be only determined if the speci_c
con_guration and boundary:interface conditions are chosen\ and `jk"u# are unknown functions of
the polar angle u to be determined[ To this end\ a substituting of eqn "09# into eqn "8# yields

`ýj9"u#¦"l¦1−j#1`j9"u# � 9\
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where\ obviously\ the primes denote the di}erentiations with respect to u[ Now it is easy to solve
the ordinary di}erential eqns "00# and determine `jk"u#[ For k � 9 and k � 0 we get

`j9"u# � Aj9 sin"l¦1−j#u¦Bj9 cos"l¦1−j#u\
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¦
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3
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3
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where Aj9\ Bj9\ Aj0\ Bj0 are coe.cients to be determined from the interface "mainly# and the loading
conditions[

Finally\ the substituting of the harmonic functions "09# into eqns "5# and "6# yields
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2[ The boundary conditions on the interfaces

We consider an axisymmetric interface corner problem of perfectly bonded dissimilar materials
"Fig[ 0#[ The regions u1−u9 ¾ u ¾ 1p−u9 and −u9 ¾ u ¾ u1−u9 are occupied by the material 0
and 1\ respectively[ By adopting the above coordinate transformation "3#\ the displacement and
traction continuity conditions on the interface 0 can be written as

ur0"r\ 1p−u9# � ur1"r\ −u9#\ uu0"r\ 1p−u9# � uu1"r\ −u9#\

su0"r\ 1p−u9# � su1"r\ −u9#\ tru0"r\ 1p−u9# � tru1"r\ −u9#[ "04#

On the interface 1 the same continuity conditions take the completely analogous forms

ur0"r\ u1−u9# � ur1"r\ u1−u9#\ uu0"r\ u1−u9# � uu1"r\ u1−u9#\

su0"r\ u1−u9# � su1"r\ u1−u9#\ tru0"r\ u1−u9# � tru1"r\ u1−u9#[ "05#

In the above sets of equations the subscripts 0 and 1 refer to the material 0 and 1\ respectively
"Fig[ 0#[

3[ Stress singularity at the interface corner

For convenience\ we introduce the subscript m "m � 0\ 1# to denote the material 0 and 1 "exactly
as in the previous section# and introduce the following dimensionless quantity

R �
r
a

[ "06#

Near the interface corner O? "i[e[ as r : 9#\ we can consider only the _rst "dominant# terms in
eqns "02# and "03# so that the displacement and singular stress _elds inside the material m can be
represented as
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where 0−l is the order of the stress singularity\
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km � 2−3nm "m � 0\ 1# "11#

A	jm �
Aj9m ðl"1−j#¦0Ł

ja2−j
\ B	jm �

Bj9m ðl"1−j#¦0Ł

ja2−j
" j\ m � 0\ 1# "12#

here A	jm and B	jm " j\ m � 0\ 1# are coe.cients to be determined from the interface "mainly# and the
loading conditions[

Substituting eqns "07# and "08# into eqns "04# and "05#\ one obtains a system of eight homo!
geneous linear algebraic equations for the eight unknown coe.cients A	jm and B	jm " j\ m � 0\ 1#[ For
a non!trivial solution of this system\ the solvability condition is simply that the determinant of the
matrix of the coe.cients be equal to zero[ The condition easily leads "after some algebraic
computations# to the following eigenequation in l

D � ðl1"a−b#1 sin1 u0−"0¦b#1 sin1 lu0Ł ðl1"a−b#1 sin1 u1−"0−b#1 sin1 lu1Ł

¦"0−a1# sin1 l"p−u1#ð1l1"a−b#1 sin1 u1¦1"0−b1# sin lu0 sin lu1
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¦"0−a1# sin1 l"p−u1#Ł � 9 "13#

where a and b are Dundurs| "0858# bimaterial "composite# constants\ which are given by

a �
G"k0¦0#−"k1¦0#
G"k0¦0#¦"k1¦0#

\ b �
G"k0−0#−"k1−0#
G"k0¦0#¦"k1¦0#

"14#

here the bimaterial constant G is simply equal to the ratio of the shear moduli i[e[

G �
m1

m0

[ "15#

It is obvious that the eigenvalue l depends only on the joining angles u0 or u1 as well as on the
bimaterial constants a and b[ On the contrary\ the interface angle u9 "Fig[ 0# and the distance a
between the interface corner O? and the axisymmetric axis z have no in~uence on the value of this
eigenvalue[ Moreover\ it should be pointed out that the eigenequation "13# coincides with that
valid in the corresponding plane strain problem\ which was originally derived by Bogy and Wang
"0860# ðbut see also the more recent derivation by Chen and Nisitani "0882#Ł[ It can also be noted
that in the very special case when a � b � 9\ the eigenequation "13# takes the much simpler form

D �"0−a1#1 sin3 lp � 9 "16#

with no root l in the open interval "9\ 0#[ However\ since

D=l�0 �
dnD
dln bl�0

� 9 "n � 0\ 1\ 2# "17#

in the same spatial case\ a logarithmic singularity may be present "Bogy and Wang\ 0860^ Dempsey
and Sinclair\ 0868\ 0870#[

4[ The singular stress _eld near the interface corner

After the determination of l as the "smallest positive# solution of the eigenequation "13#\ one
can proceed to the derivation of a non!trivial solution of the aforementioned homogeneous system
of eight linear algebraic equations ðwith its determinant having led to eqn "13#Ł with respect to the
unknown coe.cients A	jm and B	jm in this system[ Seven of the unknown coe.cients can be expressed
in terms of the eighth[ This solution can be written as

A	jm � A�jmB	10\ B	jm � B�jmB	10 " j\ m � 0\ 1# "18#

where B	10 is "selected as# the only coe.cient to be determined "e[g[ from the loading at in_nity or\
in any case\ far from the interface corner point O?#[ After some algebraic computations we _nally
get

A�00 � −
0
F0 6

F2"0#
F2"9#

ðF0F3"9\ 0\ 9#−F1"9\ 9#F4"9\ 9#−F1"0\ 9#F4"0\ 9#Ł
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¦F0F3"0\ 0\ 0#¦F1"0\ 0#F4"9\ 9#−F1"9\ 0#F4"0\ 9#7\
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0
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0
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B�10 � 0\

B�11 � −
0
F0 $

F1"0\ 9#F2"0#
F2"9#

¦F1"9\ 0#%[ "29#

The functions Fl "l � 0\ 1\ 2\ 3\ 4# in the above equations "F0 being simply a constant# are de_ned
by

F0 � 1"0−a#ð0−cos 1l"p−u1#Ł\

F1"k\ n# � l"a−b# 6cos 1 $
kp

3
−"l−0#"u1−u9#%−cos 1 $

kp

3
−lu1¦"l−0#u9%

¦cos 1 $0l−
k
31 p−"l−0#u9%−cos 1 $0l−

k
31 p−u1−"l−0#u9%7

¦"−0#n"0¦b# 6cos
kp

1
−cos 1 $0l−

k
31 p−lu1%

¦cos 10l¦
k
31 p−cos 1 $01l¦

k
31 p−lu1%7\
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F2"k# � "0¦a#F0 6cos 1 $l"u1−u9#−
kp

3 %−cos 1 $lu9−0l−
k
31 p%7

¦ s
0

n�9

"−0# "0−k#nF1"=k−n=\ k# 6l"a−b# $cos 1 0u1−u9−
np

3 1−cos 1 0u9¦
np

3 1%
−"−0#n"0−b# $cos 1 0lu1−lu9−

np

3 1−cos 1 0lu9¦
np

3 1%7\

F3"k\ m\ n# � "0−k#"l−km#¦l cos 1 0u1−u9−
kp

3 1
¦"−0#n 0−"−0#mb

a−b
cos 1 $l"u1−u9#−

kp

3 %\

F4"k\ n# �
0−"−0#na

a−b
cos 1 $l"u1−u9#−

kp

3 %[ "20#

Next\ substituting eqns "18# into eqns "07# and "08#\ one can obtain the displacement and
singular stress _elds near the interface corner O? " for the dominant eigenvalue l#

ukm �
B	10

mm

Rlh�km"u# "m � 0\ 1# "21#

sklm �
B	10

R0−l
f�klm"u# "m � 0\ 1# "22#

where ukm �"urm\ uum#\ sklm �"srm\ scm\ sum\ trum#\ h�km �"h�rm\ h�um#\ f �klm �" f �rm\ f �cm\ f �um\ f �rum#[ The
angular functions h�km"u# and f �klm"u# can be gotten by replacing the coe.cients A	jm and B	jm

" j\ m � 0\ 1# in eqns "19# and "10# by the coe.cients A�jm and B�jm " j\ m � 0\ 1#[
In order to de_ne the normalized stress intensity coe.cient\ K\ indicating the stress intensity

near the interface corner O?\ we let

sum"u � u1−u9# �
K

R0−l
"m � 0\ 1# "23#

so that the displacement and singular stress _elds near the interface corner O?\ eqns "21# and "22#\
can be rewritten as

ukm �
K
mm

Rlhkm"u# "m � 0\ 1# "24#

sklm �
K

R0−l
fklm"u# "m � 0\ 1# "25#

where hkm �"hrm\ hum#\ fklm �" frm\ fcm\ fum\ frum# can be given out as
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hkm"u# �
h�km"u#

H
"m � 0\ 1# "26#

fklm"u# �
f �klm"u#

H
"m � 0\ 1# "27#

here

H � f �um"u1−u9# "m � 0 or 1#[ "28#

In eqns "24# and "25# it is obvious that K has to be determined by loading conditions "away
from O?#[ As the forms of eqns "24# and "25# are analogous to those in the plane strain problem\
K has analogous behaviours in both the plane strain and axisymmetric geometries "see Reedy\
0889\ 0880#[ The check that the singular stress components in eqns "25# satisfy the equilibrium
partial di}erential equations of the three!dimensional axisymmetric elasticity for an isotropic
elastic medium as well as the boundary conditions on the interfaces can be found in the Appendix[

On the other hand\ for multi!eigenvalue cases\ the displacement and singular stress _elds can be
described by the following sum

ukm �
0
mm

s
N

n�0

K "n#Rlnh"n#
km"u# "m � 0\ 1# "39#

sklm � s
N

n�0

K "n#

R0−ln
f "n#

klm"u# "m � 0\ 1# "30#

where K"n#\ h"n#
km"u# and f "n#

klm"u# denote the stress intensity coe.cients to be determined and the
angular functions with respect to the eigenvalue ln\ respectively ðwith only the N eigenvalues in the
interval "9\ 0# having been taken into consideration in eqns "39# and "30#Ł[

As remarked by Williams "0848# and Dempsey and Sinclair "0868#\ the foregoing analysis is
available to the case of the complex eigenvalue l\ satisfying the eigenequation "13#[ In this case\ K
and hkm"u# and fklm"u# also become complex i[e[

l � j¦ih\

K � K0−iK1\

hkm"u# � hkm0"u#¦ihkm1"u#\

fklm"u# � fklm0"u#¦ifklm1"u# "m � 0\ 1#[ "31#

Furthermore\ in order to obtain the real displacement and singular stress _elds the following real
harmonic functions fjm"r\ u# should be taken

fjm"r\ u# �
0
1

ðfjm"r\ u\ l#¦f¹ jm"r\ u\ l#Ł " j\ m � 0\ 1# "32#

where a bar denotes "as usual# the complex conjugate of a complex quantity[ Now\ substituting
the "real# harmonic functions "32# into eqns "5# and "6#\ we can easily obtain the real displacement
and singular stress _elds as follows



Y[!H[ Liu et al[ : International Journal of Solids and Structures 25 "0888# 3314Ð3334 3326

ukm �
0
1

ðukm"l#¦u¹km"l#Ł

�
0
mm

Rj"K0 ðcos"h ln R#hkm0"u#−sin"h ln R#hkm1"u#Ł

¦K1 ðsin"h ln R#hkm0"u#¦cos"h ln R#hkm1"u#Ł# "m � 0\ 1# "33#

sklm �
0
1

ðsklm"l#¦s¹ klm"l#Ł

�
0

R0−j
"K0 ðcos"h ln R# fklm0"u#−sin"h ln R# fklm1"u#Ł

¦K1 ðsin"h ln R# fklm0"u#¦cos"h ln R# fklm1"u#Ł# "m � 0\ 1# "34#

where ukm"l# and sklm"l# correspond to fjm"r\ u\ l#\ u¹km"l# and s¹ klm"l# correspond to f¹ jm"r\ u\ l#[ It
is obvious that in such a case "of a complex eigenvalue l#\ the displacement and singular stress
_eld components present oscillating behaviours near the interface corner O? "as is very well known
in the literature under the usual and somewhat unrealistic classical elasticity assumptions#[

It can easily be found that the dependence of the singular stress _eld on the material properties
depends only on the Poisson ratios n0\1 "single!material parameters# as well as on the ratio of the
shear moduli G\ de_ned by eqn "15#[ Furthermore\ if the eigenvalue l is single and real\ only one
undetermined coe.cient\ K\ is included in eqns "24# and "25#\ this fact indicating that the dis!
placement and singular stress _elds in this "simple# case are just one!parameter _elds[ However\
on the contrary\ if the same eigenvalue l is complex\ the undetermined coe.cient K is complex
too and this means that two parameters "coe.cients# are needed for the description of the
displacement and singular stress _elds[ Usually\ it is rather di.cult to proceed to the analytical
determination of the coe.cient K\ but it can be determined by numerical methods "Munz and
Yang\ 0882#[

5[ Numerical results and discussion

For a veri_cation of the correctness of the above analytical formulae\ the order of the stress
singularity at the corner point O? and the angular functions of the stress _eld components near the
corner point O? of a conical diamond inclusion "Fig[ 2# was numerically analyzed by the ALGOR
FEAS code "ALGOR Corporation#\ based on the displacement _nite element method concerning
the axisymmetric three!dimensional elasticity[ In Fig[ 2\ L � 59 mm\ W � 29 mm\ a � 09 mm\
b � 19 mm[ The material 0 and 1 are quartz and ceramics "Al1O2#\ respectively[ Their material
constants are E0 � 62[0 GPa\ n0 � 9[06 "m0 � 20[1282# and E1 � 248 GPa\ n1 � 9[19
"m1 � 038[4722#[ According to eqns "14# and "15# one can easily obtain a � 9[5538 and b � 9[1570[
Then from eqn "13# the eigenvalue is calculated as l � 9[6582[ Because of the symmetry of the
problem "Fig[ 2# only a quarter of the specimen was analyzed[ The _nite element mesh "in the
meridional plane#\ containing 0574 elements and 0671 nodes\ is shown in Fig[ 3[ It should be
pointed out that singular elements corresponding to the stress singularity determined by the
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Fig[ 2[ Tension model of a conical inclusion bonded into a conical notch[

eigenequation "13# should be used for more precise numerical analysis[ However\ because the order
of the stress singularity is examined here\ no singular element is used[ The minimum _nite element
length near interface corners O? and Oý is about 09−2 mm[ The logarithms of the radial distributions
of the primary two stress components near the interface corner O? along direction u � 89> are
shown in Fig[ 4[ From these distributions the mean value of the order of the stress singularity for
the aforementioned stress components is about −9[1112\ which is in very good agreement with
the theoretical value\ −9[1296\ obtained from the eigenequation "13#\ the relative error being less
than 2[5)[ By the way\ it must be pointed out that the values of the stress components on the
interface "as these were obtained by the _nite element method# are inappropriate for the calculation
of the order of the stress singularity because of the stress discontinuity on the interface[

Furthermore\ the angular functions fu"u# and fru"u# normalized by the tangential stress su at the
interface u � u1−u9 "u1 � p¦1u9\ u9 � tan−0 9[4# are also compared at R � 0[35×09−2\ as shown
in Fig[ 5[ The theoretical values of the angular functions fu"u# and fru"u# can be obtained from eqn
"27# directly[ From Fig[ 5\ it can be found that the angular functions fu"u# and fru"u# are continuous
at the interfaces u � −tan−0 9[4 and u � p¦tan−0 9[4\ fu"u# is symmetrical about u � 89> and
u � 169>\ however\ on the contrary\ fru"u# is skew!symmetrical about u � 89> and u � 169>[ The
numerical results coincide essentially with the theoretical results[ It should be pointed out that
the relative error can be considered as mainly due to the non!accuracy of the interface stress
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Fig[ 3[ Calculating model of FEM and its mesh division for "a# Mesh division of _nite element method[ "b# Local mesh
division at the interface corner Oý[ "c# Local mesh division at the interface corner O?[

su"u � p¦tan−0 9[4#\ obtained by the _nite element method\ as well as the e}ect of the high terms[
The aforementioned numerical results seem to verify the correctness of the above analytical
formulae[

It should be pointed out that the analytical approach\ adopted in this paper\ is applicable to
solve other similar boundary value problems "already having been studied in detail in the plane
strain:generalized plane stress singularity problems long ago# in axisymmetric elasticity[ Such
problems include the interface edge "including the interface crack# "see Naolake and Tomoaki\
0881^ Liu et al[\ 0887#\ smooth contact ðhaving been solved by Gecit "0863# in terms of the integral
transform techniqueŁ of two materials[ It can also be used to solve the case of three or more
materials as well as the case of transversely isotropic materials[ However\ the solution of the system
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Fig[ 4[ log"skl:p# vs log R along u � 89>[

Fig[ 5[ fkl"u# vs u at R � 0[35×09−2[

of homogeneous linear algebraic equations obtaining from the boundary:interface conditions will
become di.cult as the number of materials increases[ In these cases of isotropic materials a slight
modi_cation of the boundary:interface conditions "04# and "05# will be needed[ In the cases of
transversely isotropic materials the related harmonic partial di}erential equation "0# can be solved
by the similar method\ adopted in this paper[

On the other hand\ as studied by Yuan and Yang "0886# for curved boundary:interface con!
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ditions in the plane problems\ the singularity results in this paper remain applicable in the case
when the two interfaces in Fig[ 0 are not straight\ but smooth curvilinear\ whereas the values of
angles u9\ u0 and u1 there "in Fig[ 0# may remain the same\ but now referring to the tangents of the
"curvilinear# interfaces at the point O? of their cross!section[

6[ Conclusions

The order of the stress singularity and the related displacement and singular stress _elds near
the axisymmetric interface corner of perfectly bonded dissimilar materials with arbitrary joining
angles have been analyzed[ The results may have wide applicability to various axisymmetric
interface corner problems[ It was found that the order of the stress singularity is related only to
the joining angles of the interface corner and two Dundurs composite parameters "bimaterial
constants# a and b and it coincides with the corresponding result in the plane strain problem\ but\
on the contrary\ the e}ect of the material properties on the corresponding singular stress _eld is
described by the two Poisson ratios "of the two isotropic materials# and the ratio of their shear
moduli[ When a � b � 9\ instead of the singularity 0:R0−l\ a logarithmic singularity may be
present[ The numerical results and theoretical check showed that the theoretical results obtained
in this paper seem to be correct[
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Appendix] The check of the singular stress _eld

"0# The check of the equilibrium equations

The equilibrium partial di}erential equations of the three!dimensional axisymmetric elasticity
for an isotropic elastic medium ðin cylindrical coordinates "r\ c\ z#Ł are well known as follows

1sr

1r
¦

1trz

1z
¦

sr−sc

r
� 9\

1sz

1z
¦

1trz

1r
¦

trz

r
� 9[ "A0#

By adopting the coordinate transformation "3#\ the transformation relations of the stress com!
ponents between the coordinate systems "r\ c\ z# and "r\ c\ u# can be easily written as

sr �
sr¦su

1
−

sr−su

1
cos 1u¦tru sin 1u\

sc � sc\
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sz �
sr¦su

1
¦

sr−su

1
cos 1u−tru sin 1u\

trz �
sr−su

1
sin 1u¦tru cos 1u[ "A1#

By using eqns "06# and "A1#\ the equilibrium eqns "A0# can be transformed into

0
1sr

1R
¦

0
R

1tru

1u
¦

sr−su

R 1 sin u¦0
0
R

1su

1u
¦

1tru

1R
¦

1tru

R 1 cos u

¦
0

0¦R sin u 0
sr¦su

1
−

sr−su

1
cos 1u¦tru sin 1u−sc1� 9\

0
1sr

1R
¦

0
R

1tru

1u
¦

sr−su

R 1 cos u−0
0
R

1su

1u
¦

1tru

1R
¦

1tru

R 1 sin u

¦
0

0¦R sin u 0
sr−su

1
sin 1u¦tru cos 1u1� 9[ "A2#

However\ if we only consider the _rst "dominant# terms of the stress _eld in eqns "03#\ i[e[ only
use eqns "25#\ then only the dominant parts of eqns "A2# are equal to zero\ i[e[

1srm

1R
¦

0
R

1trum

1u
¦

srm−sum

R
� 9\

0
R

1sum

1u
¦

1trum

1R
¦

1trum

R
� 9[ "A3#

It should be noted that this does not mean that the theoretical results are wrong[ The remaining
parts "high!order terms# in eqns "A2# can be balanced by the high!order terms as shown in eqns
"03#[ In fact\ if we use the full form of the stress _eld as described by eqns "03#\ the equilibrium
eqns "A2# are satis_ed perfectly[

"1# The check of the boundary conditions on the interfaces

Here we shall only check eqn "05c#\ i[e[ su0"r\ u1−u9# � su1"r\ u1−u9#[ The check of the others
are analogous[ Let

L � −
R0−lH

lK
ðsu0"r\ u1−u9#−su1"r\ u1−u9#Ł "A4#

then the interface continuity condition "05c# means L � 9[
First\ a substitution of eqns "25# into eqn "A4# yields

L � A0 sin"l¦0#"u1−u9#¦B0 cos"l¦0#"u1−u9#



Y[!H[ Liu et al[ : International Journal of Solids and Structures 25 "0888# 3314Ð3334 3332

¦"l¦0#ðA1 sin"l−0#"u1−u9#¦B1 cos"l−0#"u1−u9#Ł "A5#

where

A0 � A�00¦A�10"l−k0#−A�01−A�11"l−k1#\ A1 � A�10−A�11\

B0 � B�00¦B�10"l−k0#−B�01−B�11"l−k1#\ B1 � B�10−B�11[ "A6#

Next\ substituting eqns "29# into eqns "A6# we have

A0 � −F"F2"0#ðF0a0−F1"9\ 9#a0¦F1"0\ 9#b1Ł

¦F2"9#ðF0b1¦F1"9\ 0#b1¦F1"0\ 0#a0Ł#\

A1 � F"F2"0#ðF0−F1"9\ 9#Ł¦F2"9#F1"0\ 0##\

B0 � F"F2"0#ðF0b0−F1"9\ 9#b0−F1"0\ 9#a1Ł

−F2"9#ðF0a1¦F1"9\ 0#a1−F1"0\ 0#b0Ł#\

B1 � F"F2"0#F1"0\ 9#¦F2"9#ðF0¦F1"9\ 0#Ł# "A7#

where

F �
0

F0F2"9#
\

ak � l cos 1"u1−u9#¦"−0#k cos 1l"u1−u9#\

bk � l sin 1"u1−u9#¦"−0#k sin 1l"u1−u9# "k � 0\ 1#[ "A8#

From eqns "A7# we obtain

A0 sin"l¦0#"u1−u9#¦B0 cos"l¦0#"u1−u9#

� −"l¦0#F"F2"0#ðF0−F1"9\ 9#Ł¦F2"9#F1"0\ 0## sin"l−0#"u1−u9#

−"l¦0#F"F2"0#F1"0\ 9#¦F2"9#ðF0¦F1"9\ 0#Ł# cos"l−0#"u1−u9#\

A1 sin"l−0#"u1−u9#¦B1 cos"l−0#"u1−u9#

� F"F2"0#ðF0−F1"9\ 9#Ł¦F2"9#F1"0\ 0## sin"l−0#"u1−u9#

¦F"F2"0#F1"0\ 9#¦F2"9#ðF0¦F1"9\ 0#Ł# cos"l−0#"u1−u9#[ "A09#

Finally\ substituting eqns "A09# into eqn "A5# we get

L � 9[ "A00#

Therefore\ the interface continuity condition "05c# is satis_ed[
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